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A LATTICE VERSION OF THE ATIYAH-SINGER INDEX
THEOREM
MAYUKO YAMASHITA
Abstract. We formulate and prove a lattice version of the Atiyah-
Singer index theorem. The main theorem gives a K-theoretic formula
for an index-type invariant of operators on lattice approximations of
closed integral affine manifolds. We apply the main theorem to an index
problem in lattice gauge theory.
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1. Introduction
In this paper we formulate and prove a lattice version of the Atiyah-
Singer index theorem. Given a closed integral affine manifold equipped
with a lattice structure given by Bohr-Sommerfeld points, the main theorem
gives a K-theoretic formula for an index-type invariant of operators on the
lattice. This work is motivated from lattice gauge theory. We apply the
main theorem to the index problem of Wilson-Dirac operator in lattice gauge
theory, and prove relations between certain index-type invariants of Wilson-
Dirac operators with the Fredholm index of twisted spin Dirac operators in
the continuum limit.
First, let me explain the motivation from lattice gauge theory. In lat-
tice gauge theory, manifolds, typically the n-dimensional torus B := T n =
(R/Z)n, are approximated by the set of level-k lattice points Bk := (
1
kZ/Z)
n.
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When they are interested in a differential operator Dconti on B, they con-
struct its lattice counterparts {Dlatk }k∈N on Bk’s, which is a family of opera-
tors on finite dimensional Hilbert spaces. One expects to recover information
of the continuum operator Dconti from information of {Dlatk }k∈N. In this pa-
per, we are interested in the Fredholm indices of elliptic operators on B,
which describes the anomaly in physics.
The typical setting is the following. Let B = T n with n even, and
Dconti : L2(B;S⊗F )→ L2(B;S ⊗F ) be the spin Dirac operator twisted by
a hermitian vector bundle F with a unitary connection. We are interested
in its Fredholm index, Ind(Dconti). The first problem is how to construct
a family of lattice operators {Dlatk }k∈N which remembers the index, and
what kind of invariant we consider for this family. This question is highly
nontrivial; it turns out that the naive approximation does not work. More-
over, for example, the Fredholm indices of operators on finite dimensional
vector spaces are not interesting. For this problem, one answer known in
lattice gauge theory is to use the operators called the Wilson-Dirac opera-
tors {Dlatk +γWk}k, self-adjoint operators acting on l2(Bk; (S⊗F )|Bk). The
relation between the spectrum of Wilson-Dirac operators and the Fredholm
index of the continuum Dirac operator is predicted physically by Hasen-
fratz, Laliena and Niedermayer [7], and verified mathematically by Adams
[1] (there have been many related works, for example see [8], [9] and [13]).
Adams [1] showed that (the author works in the case n = 4, but the method
extends to arbitrary positive even integer n), for m ∈ R \ {0, 2, 4, · · · , 2n},
we have
rank
(
E>0
(
Dlatk + γ(Wk +mk)
))
− 1
2
dim l2(Bk; (S ⊗ E)|Bk) k→∞−−−→ In(m)Ind(Dconti).
(1.1)
Here the integer In(m) ∈ Z is defined in Definition 4.4; in particular we
have In(m) = 1 for 0 < m < 2. The first term of (1.1) is the dimension of
positive eigenspaces of the operator DlatW,k +mγ, where γ is the Z2-grading
operator on S⊗F . The proof uses analysis of the local index density, known
as Fujikawa’s method.
This work started from the following question: Can we understand the
convergence (1.1) conceptually and topologically? Recall that, on the con-
tinuum side, we know that the Fredholm index is a topological quantity, by
the celebrated Atiyah-Singer index theorem [2].
Theorem 1.2 (The Atiyah-Singer index theorem, [2]). Given a closed man-
ifold M and an elliptic pseudodifferential operator Dconti on M , we have
Ind(Dconti) = π![σ(D
conti)].
Here [σ(Dconti)] ∈ K0(T ∗M) is the principal symbol class of Dconti, and
π! : K
0(T ∗M)→ K0(pt) is the spinc-pushforward map.
This leads us to the following problem: Can we find a corresponding topo-
logical formula for the index-type invariant (e.g., the one appearing in (1.1)),
for operators on lattices? Such a theorem should be a lattice counterpart
of the Atiyah-Singer index theorem. Then, the next problem is, Apply the
theorem to show the convergence (1.1). This paper answers these problems.
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Now let me explain the main result. The setting is the following. Let B be
a closed integral affine manifold (for example T n), and write Λ∗ ⊂ T ∗B the
associated lattice subbundle. We assume that its cotangent torus bundle
T ∗B/(2πΛ∗), with the canonical symplectic structure, is equipped with a
prequantum line bundle (L,∇L). This gives us the lattice approximation
Bk ⊂ B, given by the set of k-Bohr-Sommerfeld points for each k ∈ N.
In this setting, our result computes the behavior of dimensions of positive
eigenspaces for a certain class of families of self-adjoint operators on {Bk}k,
in terms of the K-theory class of their ”lattice version of symbols”, which
is a function on the torus bundle T ∗B/(2πΛ∗).
This ”lattice version of correspondence between operators and symbols”
is the one constructed in the previous paper of the author [15]. Applied to
our setting of the Lagrangian torus bundle T ∗B/(2πΛ∗)→ B, it produces a
family of linear maps {φk}k,
φk : C∞(T ∗B/(2πΛ∗))→ End(l2(Bk)).
This gives a strict deformation quantization of X, which we call the Bohr-
Sommerfeld deformation quantization in this paper. This construction is an
analogue of symbol-operator correspondence, as explained in [15] and also
recalled in subsection 2.1.1 below. Given an element f ∈ C∞(T ∗B/(2πΛ∗)),
the family of operators {φk(f)}k on {Bk}k should be regarded as the oper-
ator realization of f , and the function f is regarded as the lattice version of
symbols of {φk(f)}k. These maps extends to matrix algebras canonically,
and we continue to use the same notations.
The lattice version of the Atiyah-Singer index theorem, our main theorem
Theorem 3.1, is the following. Given an invertible and self-adjoint element
f ∈ MN (C∞(T ∗B/(2πΛ∗))), the element (f |f |−1 + 1)/2 is a projection1.
Let us denote the corresponding K0-theory class by [f ] ∈ K0(T ∗B/(2πΛ∗)).
Theorem 3.1 (The lattice index theorem). Fix a positive integer N . Sup-
pose we are given an invertible self-adjoint element f ∈MN (C∞(T ∗B/(2πΛ∗))).
Then there exists a positive integer K such that, for all integer k > K, we
have
rank
(
E>0
(
φk(f)
))
= π!
(
[L]⊗k ⊗ [f ]
)
.
Here π! : K
0(T ∗B/(2πΛ∗))→ K0(pt) is the spinc-pushforward map, and [L]
is the class of prequantum line bundle.
The main idea for the proof of Theorem 3.1 is to apply the algebraic in-
dex theorem by Nest and Tsygan [12] to the Bohr-Sommerfeld deformation
quantization. Recall that, on the continuum side, deformation quantization
and the index theorem are deeply related. Given a manifold M , the alge-
bra of pseudodifferential operators on M gives a deformation quantization
for T ∗M . As skeched in the introduction of [12], the Atiyah-Singer index
theorem essentially (though not directly) follows from the algebraic index
theorem applied to this deformation quantization. Our proof for Theorem
3.1 is the lattice analogue of this picture. The Bohr-Sommerfeld deformation
1Here MN (A) := A⊗MN (C) denotes the N ×N-matrix algebra for a C-algebra A.
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quantization for T ∗B/(2πΛ∗), which is a strict deformation quantization, in-
duces a formal deformation quantization (in fact this is simply the standard
Moyal-Weyl star product). After checking that we are in the appropriate
setting, the proof is a direct application of the algebraic index theorem.
This paper is organized as follows. In Section 2, we recall necessary results
about the Bohr-Sommerfeld deformation quantization from [15], and give a
brief review of the algebraic index theorem [12]. In Section 3, we prove our
main result, Theorem 3.1. In Section 4, we apply the main theorem to the
index problem in lattice gauge theory. In particular we prove the above
convergence (1.1) in Theorem 4.15.
1.1. Conventions and notations.
• In this paper we represent a K0-theory class of a compact topolog-
ical space by an invertible and self-adjoint element in MN (C(X))
for an integer N . This is related to the picture using projections
in MN (C(X)), via the map sending an invertible and self-adjoint
element to a projection defined as
u 7→ u|u|
−1 + 1
2
.
For possibly non-compact locally compact space X, we always use
the compactly supported K-theory, defined as
K0(X) := ker
(
K0(X+)→ K0(pt)) ,
where X+ is the one-point compactification of X and the map is
induced by the inclusion of a point.
• Given a fiber bundle µ : X → B and a point b ∈ B, we write Xb :=
µ−1(b).
• For a self-adjoint operator D on a separable Hilbert space and a
real number λ, we denote by E>λ(D) the spectral projection of D
corresponding to the interval (λ,∞).
• For a Hilbert space H, B(H) denotes the C∗-algebra of bounded
operators on H.
• Given a space X and a vector space V , we denote the trivial vector
bundle over X with fiber V by V := X × V .
2. Preliminaries
2.1. The Bohr-Sommerfeld deformation quantization for cotangent
torus bundles. In this subsection, we recall the necessary result of [15].
2.1.1. The construction. The definition of strict deformation quantizations
we use is the following.
Definition 2.1 (Strict deformation quantizations). Given a symplectic man-
ifold (X,ω), a strict deformation quantization consists of the following data.
• A sequence of Hilbert spaces {Hk}k∈N.
• A sequence {Qk}k∈N of adjoint-preserving linear mapsQk : C∞c (X)→
B(Hk) so that for all f, g ∈ C∞c (X), we have
(1) ‖Qk(f)‖ → ‖f‖C0 as k →∞, and
(2) ‖[Qk(f), Qk(g)] +
√−1
k Q
k({f, g})‖ = O( 1
k2
) as k →∞.
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The general setting of [15] is the following. Assume that we are given a
symplectic manifold (X,ω) equipped with a prequantum line bundle (L,∇L),
and also assume that we are given a proper Lagrangian fiber bundle struc-
ture µ : X → B with connected fibers. Here,
Definition 2.2. Let (X2n, ω) be a symplectic manifold of dimension 2n.
(1) A prequantum line bundle on (X,ω) is a hermitian line bundle with
unitary connection (L,∇L) which satisfies (∇L)2 = −√−1ω.
(2) A regular fiber bundle structure µ : X2n → Bn is called a Lagrangian
fiber bundle if all the fibers are Lagrangian. It is called proper if all
fibers are compact.
Given a symplectic manifold, the exisitence of prequantum line bundle is
equivalent to the condition ω/(2π) ∈ H2(X;Z). In this settings, the author
constructed a strict deformation quantization for (X,ω). In this paper we
call it the Bohr-Sommerfeld deformation quantization.
A proper Lagrangian fiber bundle structure canonically induces an inte-
gral affine structure on the base space. Here,
Definition 2.3 (Integral affine manifolds). An it integral affine structure
on a manifold Bn is a lattice subbundle Λ of its tangent bundle TB (i.e., Λ
is a fiber bundle over B and Λb is a subgroup of TbB isomorphic to Z
n for
all b ∈ B). A manifold equipped with an integral affine structure is called
an integral affine manifold.
The representation spaces {Hk}k, called the quantum Hilbert spaces, of
the strict deformation quantization defined in [15] is the ones given by the
geometric quantization associated to the real polarization µ, as we now ex-
plain. Given a proper Lagrangian fiber bundle µ : X → B together with a
prequantum line bundle (L,∇L), the base space B admits a ”lattice approx-
imation” Bk ⊂ B for k ∈ N, given as the set of k-Bohr-Sommerfeld points.
The quantum Hilbert spaces of our deformation quantization is given by
a direct sum of one-dimensional Hilbert spaces, associated to each k-Bohr-
Sommerfeld points, as follows.
Definition 2.4. Assume we are given a prequantized symplectic mani-
fold (X,ω,L,∇) equipped with a proper Lagrangian fiber bundle structure
µ : X → B with connected fibers. Let k be a positive integer.
(1) A point b ∈ B is called a k-Bohr-Sommerfeld point if the space of
parallel sections of (Lk,∇k)|Xb is nontrivial.
(2) For each k, let Bk ⊂ B denote the set of k-Bohr-Sommerfeld points.
We define the quantum Hilbert space of level k by
Hk = ⊕b∈BkH0(Xb;Lk ⊗ |Λ|1/2Xb),
where |Λ|1/2Xb = |Λ|1/2(ker dµ)∗|Xb is the vertical half-density bun-
dle, equipped with the canonical flat connection, and H0(Xb;L
k ⊗
|Λ|1/2Xb) is the one-dimensional Hilbert space of parallel sections of
Lk|Xb ⊗ |Λ|1/2Xb over Xb for each b ∈ Bk.
Example 2.5. For the case (X,ω) = (Rn × (R/(2πZ))n, tdx ∧ dθ) with the
projection µ : X → Rn, we can set (L,∇L) = (C, d − √−1txdθ)). Then we
have Bk =
1
kZ
n.
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The base Rn admits a Zn-action by translation. This action lifts to the
above prequantum line bundle by
(x, θ, v) 7→ (x+m, θ, e
√−1〈m,θ〉v),
preserving the connection. So we get the induced prequantizing line bundle
on (R/Z)n × (R/(2πZ))n. In this case, the set of k-Bohr-Sommerfeld point
is given by Bk = (
1
kZ/Z)
n ⊂ (R/Z)n.
In this paper, we only consider Lagrangian fiber bundles appearing as
cotangent torus bundles of integral affine manifolds. If we are given an inte-
gral affine manifold (Bn,Λ), we get the cotangent torus bundle T ∗B/(2πΛ∗)
over B, where Λ∗ denotes the dual lattice bundle to Λ. We equip T ∗B/(2πΛ∗)
with the canonical symplectic structure induced from T ∗B. Then the fiber
bundle µ : T ∗B/(2πΛ∗)→ B is a proper Lagrangian fiber bundle with fiber
(R/(2πZ))n.
In the rest of this subsection, we assume that X is of the form X =
T ∗B/(2πΛ∗) for an integral affine manifold B, and X satisfies the prequan-
tizability condition ω/(2π) ∈ H2(X;Z). Restricted to this setting, the con-
struction of the strict deformation quantization simplifies, and described as
follows.
First of all, by the following lemma, in this setting, we can choose (L,∇L)
so that the quantum Hilbert spaces {Hk}k are canonically isomorphic to
{l2(Bk)}k.
Lemma 2.6. Suppose (X,ω) is of the form X = T ∗B/(2πΛ∗) for an inte-
gral affine manifold B and satisfies the prequantizability condition ω/(2π) ∈
H2(X;Z). Then there exists a prequantum line bundle (L,∇L) for X such
that its restriction to the zero section B ≃ X0 ⊂ X is trivial.
Thus, for such a choice of (L,∇L), fixing a trivialization of (L,∇L)|X0
gives a canonical isomorphism of Hilbert spaces for each k,
Hk ≃ l2(Bk).(2.7)
Proof. Choose an arbitrary prequantum line bundle (L′,∇L′). SinceX0 ⊂ X
is Lagrangian, (L′,∇L′)|X0 is a flat line bundle over X0. Thus if we set
L := L′ ⊗ µ∗(L′|X0)−1 with the tensor product connection, it satisfies the
desired property.
A trivialization of L|X0 gives the canonical orthonormal basis {ψkb }b∈Bk
of Hk by requiring that each ψkb ∈ H0(Xb;Lk ⊗ |Λ|1/2Xb) takes the positive
real value at the point X0 ∩Xb, and this gives the canonical isomorphism
(2.7). 
Actually, in the constructions below, as well as in our main theorem, we
do not need to assume that (L,∇L) satisfies the conditions in Lemma 2.6.
However, when we apply our result to problems on operators on lattices, as
in Section 4 below, we start from operators on l2(Bk). In such a situation,
Lemma 2.6 guarantees the existence of appropriate choices of (L,∇L).
In [15, Definition 3.2], we constructed linear maps
φkH,U : C
∞
c (X)→ B(Hk),
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and showed that indeed this gives a strict deformation quantization ([15,
Theorem 3.32]). Here, the additional datum (H,U) were necessary: H ⊂
TX is a choice of horizontal distribution with respect to µ, and U is an open
covering of B, which satisfy some conditions ((H) and (U) in [15, subsection
3.2]).
In our setting here, we have a canonical choice of H, coming from the
canonical splitting TX = µ∗TB ⊕ µ∗T ∗B. In this paper we always use this
splitting to define the strict deformation map, so we omit the reference to
H in the notation. On the other hand, the choice of U is only technical
(just needed to patch local construction together), and the different choice
of U yields essentially the same deformation quantization ([15, Proposition
3.35]). Since our result in this paper does not depend on this choice, we fix
such an open covering U arbitrarily first, and also omit from the notation 2.
We regard the quantization maps φk : C∞c (T ∗B/(2πΛ∗))→ B(Hk) in our
setting as a lattice version of the correspondence between symbols and op-
erators. The idea of this construction is the fiberwise Fourier expansion of
functions on the cotangent torus bundle. We recall the rigorous definition
first, and explain this idea after that.
Given a path γ in B from b ∈ B to c ∈ B, the restriction of the cotangent
lattice bundle to γ, Λ∗|γ , is trivial. So we get the parallel transform
Tγ : Xb
≃−→ Xc.(2.8)
Also the connection∇L on L and the canonical flat connection on |Λ|1/2(ker dµ)∗
gives the parallel transform
Tγ : L
k|Xb ⊗ |Λ|1/2Xb → Lk|Xc ⊗ |Λ|1/2Xc
which covers (2.8). We use the same notation for the parallel transform. This
allows us to define a pairing between sections ξkb ∈ C∞(Xb;Lk ⊗ |Λ|1/2Xb)
and ξkc ∈ C∞(Xc;Lk ⊗ |Λ|1/2Xc), denoted by 〈ξkb , ξkc 〉γ .
We say that two points b, c ∈ B are close if there exists an element U ∈ U
such that b, c ∈ U . For such b, c ∈ B, by the condition (U) imposed on
U (see [15, subsection 3.2]) we can take the unique affine linear path γ
from b to c in U and define, for sections ξkb ∈ C∞(Xb;Lk ⊗ |Λ|1/2Xb) and
ξkc ∈ C∞(Xc;Lk ⊗ |Λ|1/2Xc),
〈ξkb , ξkc 〉U := 〈ξkb , ξkc 〉γ .
This is well-defined by the condition (U) on U .
Definition 2.9 (The Bohr-Sommerfeld deformation quantization, [15, Defi-
nition 3.22]). We define a sequence of adjoint-preserving linear maps φk : C∞c (X)→
B(Hk) by the following formula. For f ∈ C∞c (X), we define the operator
2 The essential points of the condition (U) imposed on the open covering U is that,
each element U ∈ U admits an integral affine open embedding into Rn whose image is
relatively compact and convex, and for each pair of elements U,V ∈ U , the image of the
affine embedding in Rn of their intersection U ∩V is also convex (in particular connected).
This condition allows us to, given two points b, c ∈ B which are close (i.e., contained in
some common element in U), find a unique affine linear path from b to c contained in some
element in U .
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φk(f) by, for c ∈ Bk and an element ψkc ∈ H0(Xc;Lk ⊗ |Λ|1/2Xc) ⊂ Hk,
φk(f)(ψkc ) :=
∑
b∈Bk,b is close to c
〈ψkb , f |X(b+c)/2ψkc 〉U · ψkb ,
where ψkb ∈ H0(Xb;Lk ⊗ |Λ|1/2(Xb)) ⊂ Hk is any element with ‖ψkb ‖ = 1.
Here, we denote by (b + c)/2 ∈ B the middle point between b and c with
respect to the affine structure on an open set U ∈ U which contains both b
and c, and we regard f |X(b+c)/2 ∈ C∞(X(b+c)/2) as a function on Xc using
the parallel transform (2.8) along the affine linear path between (b + c)/2
and c in U .
This construction gives a strict deformation quantization for (X,ω) ([15,
Theorem 3.32]), and we call it the Bohr-Sommerfeld deformation quantiza-
tion.
Now we explain that this definition is indeed the fiberwise Fourier ex-
pansion. Locally on an open subset U ⊂ Bn which is small enough, we
can choose an open embedding U →֒ Rn which preserves the integral affine
structure, so from now on we explain in the case of X = T ∗Rn/(2πΛ∗) =
Rn × (R/2πZ)n.
Equip X with the prequantizing line bundle (L = C,∇L = d−√−1txdθ).
Up to parallel translation of the base Rn, any choice of (L,∇L) is isomorphic
to this canonical one (see the proof of [15, Lemma 2.8]).
In this case we have Bk =
1
kZ
n. The canonical orthonormal basis {ψkb }b∈Bk
for Hk in Lemma 2.6 is given by
ψkb := e
√−1k〈b,θ〉(2π)−n/2
√
dθ ∈ Hk.
Assume we are given a function f ∈ C∞c (X). Using the above basis of
Hk, the operator φk(f) is identified by a Bk × Bk-matrix {Kf (b, c)}b,c∈Bk .
Matrix elements Kf (b, c) for b, c ∈ Bk is given as follows.
Kf (b, c) := (2π)
−n
∫
(R/2πZ)n
e−
√−1k〈b−c,θ〉f((b+ c)/2, θ)dθ.(2.10)
In other words, Kf (b, c) is given by the k(b− c)-th coefficient in the Fourier
expansion of f((b+ c)/2, θ).
Example 2.11. Assume f ∈ C∞c (X) is a pullback of a function f0 ∈ C∞c (Rn)
on the base Rn, i.e., f does not depend on θ. Then φk(f) is just the diagonal
multiplication operator by the value of f0 at each point on Bk,
Kf (b, c) =
{
f0(c) if b = c,
0 otherwise.
Example 2.12. Assume f can be expressed as f(x, θ) = fm(x)e
√−1〈m,θ〉 for
some m ∈ Zn and a function fm ∈ C∞c (Rn). Then we have
Kf (b, c) =
{
fm (c+m/(2k)) if b = c+m/k,
0 otherwise.
We see that the function e
√−1〈m,θ〉 plays the role of ”m/k-shift”, and if we
let k →∞, the matrix elements of this operator concentrate to the diagonal.
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In fact, the ”concentration to the diagonal” of the matrix elements of
the operator φk(f) as k → ∞ seen in the above examples holds in general,
because the Fourier coefficients of smooth function on (R/(2πZ))n is rapidly
decreasing. Basically, this is why we can extend this construction to general
Lagrangian fiber bundles by patching the local construction together by
U , and the different choice of U yields essentially the same deformation
quantization.
2.1.2. The associated star product. In general, given a strict deformation
quantization in the sense of Definition 2.1, one expects that it induces a for-
mal deformation quantization, i.e., a an associative product ⋆ on C∞(X)[[~]]
which satisfies
f ⋆ 1 = 1 ⋆ f = f,
f ⋆ g = fg +O(~),
f ⋆ g − g ⋆ f = ~{f, g} +O(~2),
for all f, g ∈ C∞(X). We also assume that each coefficients of ~i in the star
product f ⋆ g is a differential expression of f and g. This is possible if we
can expand the composition of operators the form Qk(f)Qk(g) in a power
series of k−1, satisfying appropriate conditions.
In our case (note that we are assuming X = T ∗B/(2πΛ∗)), X has the
canonical flat torsion-free symplectic connection, so we have the caononical
formal deformation quantization of X, which called the Moyal-Weyl star
product ⋆MY (see for example [14]). Bohr-Sommerfeld deformation quan-
tization indeed induces the Moyal-Weyl star product, i.e., informally, we
have
φk(f ⋆MY g) = φ
k(f)φk(g) mod O(k−∞).
More precisely the statement is the following. Let us denote the standard
Moyal-Weyl star product by ⋆MY , and each coefficient by Cj, i.e.,
f ⋆MY g =
∞∑
j=0
~jCj(f, g).
Proposition 2.13 ([15, Theorem 4.3]). Assume that X is of the form X =
T ∗B/(2πΛ∗) for an integral affine manifold B, and X is equipped with a
prequantum line bundle (L,∇L). Then for all f, g ∈ C∞c (X) and l ∈ N,∥∥∥∥∥∥φk(f)φk(g)−
l∑
j=0
(−√−1
k
)j
φk (Cj(f, g))
∥∥∥∥∥∥ = O
(
1
kl+1
)
as k →∞.
2.2. A review of the algebraic index theorem. In this subsection, we
recall the algebraic index theorem by Nest and Tsygan [12], which is the
main tool for our proof of the main theorem. Here we focus on the case of
closed manifolds.
Let (X2n, ω) be a closed symplectic manifold of dimension 2n. Suppose
we are given a formal deformation quantization ⋆ for (X,ω). Let us denote
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by θ ∈ H2(X;C[[~]]) the characteristic class of this deformation quantization
([12, Section 5], [4]). Note that we have θ = ω +O(~).
A trace functional for ⋆ is a C[[~]]-linear map τ : C∞(X)[[~]] → C[~−1, ~]],
which satisfies
τ(f ⋆ g) = τ(g ⋆ f)
for all f, g ∈ C∞(X). Trace functionals always exist and they are unique
up to multiplication of elements in C[~−1, ~]]. There is a canonical choice
of normalization ([12, Section 1]). We denote this trace functional by τ . It
extends to matrix algebras MN (C
∞(X)) canonically.
Remark 2.14. This normalization is determined by the following condition.
Given a star product ⋆ on X, we can find an open set U ⊂ X small enough,
so that there exists an open subset U0 ⊂ R2n with the standard symplectic
form ω0, and an isomorphism gU : (C
∞(U)[[~]], ⋆) ≃ (C∞(U0)[[~]], ⋆MY ).
Then, for f ∈ C∞c (U), we require that
τ(f) = ~−n(n!)−1
∫
U0
gU (f)ω
n
0 .(2.15)
Remark 2.16. In particular, in our setting where X = T ∗B/(2πΛ∗) for an
integral affine manifold B and we are considering the standard Moyal-Weyl
star product globally on X, the canonical trace functional is simply,
τ(f) = ~−n(n!)−1
∫
X
fωn
for any f ∈ C∞(X).
In this situation, the algebraic index theorem by Nest and Tsygan [12,
Theorem 1.1.1] states the following.
Fact 2.17 (The algebraic index theorem, [12, Theorem 1.1.1]). Fix a positive
integer N . Suppose we are given an idempotent e ∈ MN (C∞(X))[[~]] with
respect to the star product ⋆. Let us write
e = e0 + ~e1 + ~
2e2 + · · · ,
where ei ∈MN (C∞(X)). Then we have
τ(e) =
∫
X
ch(e0)td(ω)e
−c1(ω)/2eθ/~.
Here, the Chern character ch(e0) ∈ Ωeven(X) of the idenpotent e0 ∈MN (C∞(X))
is defined by
ch(e0) :=
n∑
m=0
1
m!
tr(e0(de0)
2m).
The classes td(ω) and c1(ω) are the characteristic classes of X with respect
to the almost complex structure compatible with ω.
The Chern character ch(e0) ∈ Ωeven(X) is the Chern character form of
the connection e0de0 of the vector bundle e0 · CN .
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3. The lattice index theorem
In this section, we prove our main theorem, Theorem 3.1. The settings
are as follows.
Let (Bn,Λ) be a n-dimensinal closed integral affine manifold, and let
X := T ∗B/(2πΛ∗) be the cotangent torus bundle equipped with the canoni-
cal symplectic structure. Assume that X satisfies the prequantizability con-
dition, and choose a prequantum line bundle (L,∇L) (not necessarily satis-
fying the conditions in 2.6). Then consider the associated Bohr-Sommerfeld
deformation quantization maps,
φk : C∞(X)→ B(Hk).
We extend these maps to matrix algebras naturally.
Our main theorem, the lattice version of the Atiyah-Singer index the-
orem, is the following. Recall that an invertible self-adjoint element f ∈
MN (C
∞(X)) defines an element [f ] ∈ K0(X), which is the class of the
projection (f |f |−1 + 1)/2.
Theorem 3.1 (The lattice index theorem). Fix a positive integer N . Sup-
pose we are given an invertible self-adjoint element f ∈MN (C∞(X)). Then
there exists a positive integer K such that, for all integer k > K, we have
rank
(
E>0
(
φk(f)
))
= πX!
(
[L]⊗k ⊗ [f ]
)
.
Here πX! : K
0(X)→ K0(pt) is the spinc-pushforward map.
3.1. The trace functional. As a preperation to the proof of the main the-
orem, in this subsection we identify the canonical trace functional τ for the
star product with the trace of operators in the Bohr-Sommerfeld deforma-
tion quantization, up to a constant.
Proposition 3.2. Fix a function f ∈ C∞(X). For any N ∈ N we have∣∣∣∣Trace(φk(f))− kn(2π)nn!
∫
X
fωn
∣∣∣∣ = O(k−N ),(3.3)
as k →∞.
Proof. Since the left hand side of the equation (3.3) is linear in f , we may
assume that f is supported in a subset µ−1(U) ⊂ X for some open set
U ⊂ B, which has integral affine open embedding U →֒ (R/Z)n, with an
isomorphism of prequantum line bundle with the standard one in Example
2.5. Thus it is enough to consider the case B = (R/Z)n and X = B ×
(R/2πZ)n. In this case we have Bk =
(
1
kZ
)n
/Zn.
By the definition of φk (Definition 2.9), we have
Trace(φk(f)) = (2π)−n
∑
b∈Bk
∫
Xb
fdθ.
In pertiular we see that both terms in the left hand side is invariant if we
take the fiberwise average of f , so we may assume that f does not depend
on the fiber variable. Also, it is enough to consider the case n = 1. So it is
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enough to prove that, for any function g ∈ C∞(R/Z) we have, for any N ,∣∣∣∣∣1k
k−1∑
m=0
g
(m
k
)
−
∫
R/Z
g(x)dx
∣∣∣∣∣ = O(k−N ).(3.4)
This is elementary, seen as follows. Let us take the Fourier expansion g =∑
l∈Z gle
2π
√−1lx. Then the left hand side of (3.4) is bounded by
∑
|l|≥k |gl|.
Since the Fourier coefficients of smooth functions are rapidly decreasing, we
get the result. 
By Proposition 3.2 and Remark 2.16, we get the following.
Proposition 3.5. Let f ∈ C∞(X). Then τ(f) ∈ ~−nC. For each k ∈ N
define τk(f) ∈ C by setting ~ = (−
√−1)/k in τ(f). Then we have, for any
N ∈ N, ∣∣∣Trace(φk(f))− (2π√−1)−nτk(f)∣∣∣ = O(k−N ).
3.2. The proof of Theorem 3.1. In this subsection we prove Theorem
3.1. To simplify the notation, in this subsection we simply write ⋆ := ⋆MY .
First we prove the following version of the theorem.
Theorem 3.6 (The lattice index theorem, the projection formulation). Fix
a positive integer N . Suppose we are given a projection p0 ∈ MN (C∞(X))
(with respect to the commutative product in C∞(X)). Let us denote the K-
theory class of p0 by [p0] ∈ K0(X). Then there exists a positive integer K
such that, for all integer k > K, we have
rank
(
E>1/2
(
φk(p0)
))
= πX!
(
[L]⊗k ⊗ [p0]
)
.
The idea of the proof is as follows. Recall that the star product is realized
as the composition of operators in Bohr-Sommerfeld deformation quantiza-
tion (Proposition 2.13). The canonical trace functional is realized as the
trace of operators (Proposition 3.5). It is easy to see that the characteristic
class of the standard Moyal-Weyl star product is simply ω ∈ H2(X;C[[~]])
(see the constructions of this class in [12] or [4]). Thus, we are in the settings
of the algebraic index theorem.
To prove Theorem 3.6, we extend a given projection p0 in MN (C
∞(X))
(with respect to the commutative product on C∞(X)) to a projection in
MN (C
∞(X)[[~]]) (with respect to ⋆), and apply the algebraic index theorem
to it.
Lemma 3.7. Suppose we are given a projection p0 ∈ MN (C∞(X)) (with
respect to the commutative product on C∞(X)).
(1) There exists a unique element p~ ∈MN (C∞(X)[[~]]) such that
p~ ⋆ p~ = p~, p~ = p
∗
~, and p~ = p0 +O(~).
Here, we introduce the ∗-algebra structure on MN (C∞(X))[[~]] by
setting ~ = −~∗.
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(2) Let us write p~ =
∑∞
i=0 pi~
i. For each positive integers M and k, let
us write
pM,k :=
M∑
i=0
pi
(−√−1
k
)i
∈MN (C∞(X)).(3.8)
Then, for each M ∈ N, there exists a positive constant C such that,
for all k ∈ N we have∥∥∥φk(pM,k)2 − φk(pM,k)∥∥∥ ≤ Ck−(M+1).
Proof. Set u0 := 2p0 − 1. This is a self-adjoint unitary element. For (1),
it is enough to extend u0 to an element u~ ∈ MN (C∞(X))[[~]] which is
self-adjoint unitary with respect to ⋆, i.e., construct an element satisfying
u~ ⋆ u~ = 1, u~ = u
∗
~, and u~ = u0 +O(~).
We construct the coefficients u1, u2, · · · in the formal sum u~ =
∑∞
i=0 ui~
n
inductively.
Suppose that we have constructed ui for 1 ≤ i ≤M −1 such that, setting
uM−1 :=
∑M−1
i=0 ui~
i, we have
uM−1 ⋆ uM−1 = 1 +O(~M ) and uM−1 = (uM−1)∗.
We construct uM such that
(uM−1 + uM~M ) ⋆ (uM−1 + uM~M ) = 1 +O(~M+1), and(3.9)
uM = (−1)Mu∗M .(3.10)
Let us define v ∈MN (C∞(X)) by uM−1 ⋆uM−1 = 1+v~M +O(~M+1). The
associativity of ⋆ implies uM−1 ⋆ (uM−1 ⋆ uM−1) = (uM−1 ⋆ uM−1) ⋆ uM−1,
and this implies
u0v = vu0.(3.11)
The condition (3.9) is equivalent to
uM ⋆ u0 + u0 ⋆ uM + v = O(~),
so by (3.11) it is enough to set uM := −12u0v. Since v~M = (v~M )∗, we have
v = (−1)Mv∗, so again using (3.11) the condition (3.10) is also satisfied.
By the proof above, the uniqueness is also clear.
(2) follows from (1) and Proposition 2.13. 
Now we can prove Theorem 3.6.
Proof of Theorem 3.6. Let us set 2n = dimX. Suppose we are given a pro-
jection p0 ∈MN (C∞(X)). Let us extend p0 to a projection p~ =
∑∞
i=0 pi~
i ∈
MN (C
∞(X))[[~]] as in Lemma 3.7. Then, applying the algebraic index the-
orem (Fact 2.17), we get
τ(p~) =
∫
X
ch(p0)td(ω)e
ω/~.(3.12)
Here we note that, in our case c1(ω) = 0 ∈ H2(X;Q) because the ω-
compatible complex structure on TX is the complexification of the real
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vector bundle TB. Also as noted before, we have θ = ω. Recall that, for all
f ∈MN (C∞(X)) we have τ(f) ∈ ~−nC (Remark 2.16). Setting
pn~ :=
n∑
i=0
pi~
i,
we see that
τ(pn~ ) =
∫
X
ch(p0)td(ω)e
ω/~.(3.13)
For each positive integer k, we set
pn,k :=
n∑
i=0
pi
(−√−1
k
)i
∈MN (C∞(X)),
as in (3.8). By (3.13) and Proposition 3.5, we see that
Trace
(
φk(pn,k)
)
= (2π
√−1)−n
∫
X
ch(p0)td(ω)e
√−1kω +O(k−1).(3.14)
By Lemma 3.7 (2), there exists a positive constant C such that, for all k we
have
Spec
(
φk(pn,k)
)
⊂ [−Ck−(n+1), Ck−(n+1)] ∪ [1− Ck−(n+1), 1 + Ck−(n+1)].
(3.15)
For each k, let us write
N(k) := rank
(
E>1/2
(
φk(pn,k)
))
.
Then, for k > (2C)1/(n+1) we have∣∣∣Trace(φk(pn,k))−N(k)∣∣∣ ≤ Ck−(n+1) dim(Hk ⊗ CN).
Since dim(Hk) = O(kn), there exists a constant D such that for all k,∣∣∣Trace(φk(pn,k))−N(k)∣∣∣ ≤ Dk−1(3.16)
Comparing equations (3.14) and (3.16), and noting that the first term in
the right hand side of (3.14) is an integer, we see that, for k large enough
we have
N(k) = (2π
√−1)−n
∫
X
ch(p0)td(ω)e
√−1kω.
Also we have
πX!
(
[Lk]⊗ [p0]
)
= (2π
√−1)−n
∫
X
ch(p0)td(ω)e
√−1kω.
So the proof is reduced to showing the equation
N(k) = rank
(
E>1/2
(
φk(p0)
))
.(3.17)
Recall that, since the Bohr-Sommerfeld deformation quantization is a strict
deformation quantization in the sense of Definition 2.1 ([15, Theorem 3.32]),
for any element f ∈ C∞(X), we have
lim
k→∞
‖φk(f)‖ = ‖f‖C0 .
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So we have
‖φk(pn,k − p0)‖ = O(k−1).
Combining this and (3.15), we see that, for k large enough we have
rank
(
E>1/2
(
φk(p0)
))
= rank
(
E>1/2
(
φk(pn,k)
))
,
so (3.17) follows. 
Next we use Theorem 3.6 to prove Theorem 3.1.
Lemma 3.18. Let f ∈ MN (C∞(X)) be an invertible element. Then for
any ǫ > 0 there exists an integer k0 such that for all k > k0 we have∣∣∣φk(f)∣∣∣ > 1‖f−1‖C0 − ǫ.
Proof. This follows from
φk(f)φk(f−1) = 1 +O(k−1) and
lim
k→∞
‖φk(f−1)‖ = ‖f−1‖C0 .

Proof of Theorem 3.1. If the element f is self-adjoint unitary, the statement
follows directly from Theorem 3.6, applied to the self-adjoint projection
p0 := (f + 1)/2. In the general case, we can reduce to the case of a self-
adjoint unitary as follows. Given an invertible self-adjoint element f ∈
MN (C
∞(X)), set u := f |f |−1. Then it is enough to show that,
rank
(
E>0
(
φk(f)
))
= rank
(
E>0
(
φk(u)
))
if k >> 0.(3.19)
By Lemma 3.18, for k large enough, all of the operators φk(f), φk(|f |−1/2)
and φk(u) are self-adjoint and invertible. Moreover, for k large enough
φk(|f |−1/2) is a positive operator. Indeed we can apply Lemma 3.18 again
to |f |−1/4 and use the estimate∥∥∥φk(|f |−1/4)2 − φk(|f |−1/2)∥∥∥ = O(k−1).
For such k, we have
rank
(
E>0
(
φk(f)
))
= rank
(
E>0
(
φk(|f |−1/2)φk(f)φk(|f |−1/2)
))
.
Moreover we have∥∥∥φk(|f |−1/2)φk(f)φk(|f |−1/2)− φk(u)∥∥∥ = O(k−1).
Since we have |φk(u)| > 1/2 for k large enough, we get (3.19) and the proof
is complete. 
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4. An application : The index problem of the Wilson-Dirac
operator
In this section, we apply the lattice index theorem (Theorem 3.1) to the
index problem of the Wilson-Dirac operator as explained in the introduction.
We are interested in the index of twisted spin Dirac operators on an even-
dimensional torus. We want to recover the continuum index from some
operators on lattice. In order for this, we use operators called ”Wilson-
Dirac operators” (Definition 4.2). The main theorem is Theorem 4.15, which
recovers the result by Adams [1]. It relates the index of the Dirac operator
on the continuum limit with the dimension of positive eigenspaces of Wilson-
Dirac operators. The existing proof for this fact are done by analysis of index
density called Fujikawa’s method. The argument here can be regarded as a
new topological proof for it.
Other approaches to the problems treated in this section will appear in
[5] and [10].
The setting is as follows.
• Let us fix an even positive integer n ∈ 2Z>0 and let B := (R/Z)n.
We consider the standard flat metric and translation-invariant spin
structure on B.
• Let Cln denote the complex Clifford algebra with generators {ci}ni=1
satisfying cicj + cjci = −2δij , ci = −c∗i . Let S denote the spinor
space, the irreducible representation space of Cln. Let us denote by
Γ ∈ End(S) the Z2-grading operator on S. We have Γci + ciΓ = 0.
• The spinor bundle on B is identified with the product bundle S =
B × S equipped with the Clifford action c(dxi) = ci.
• Assume we are given a smooth hermitian vector bundle with unitary
connection (E,∇E) over B.
• Below we consider operators on the vector bundle S ⊗ E. The Z2-
grading operator on this bundle is denoted by γ := Γ⊗ idE.
• We consider the standard integral affine structure on B. We use the
prequantum line bundle on T ∗B/(2πΛ∗) = (R/Z)n × (R/(2πZ))n
defined in Example 2.5. The set of level k-lattice is given by Bk =(
1
kZ
n
)
/Zn. This data satisfies the condition in Lemma 2.6, so we
have the canonical identification Hk ≃ l2(Bk).
On the continuum side, we have the twisted spin Dirac operator defiend
as follows.
Definition 4.1. The spin Dirac operator on B twisted by (E,∇E), denoted
by Dconti : L2(B;S ⊗ E)→ L2(B;S ⊗ E), is defined by
Dconti :=
n∑
i=1
ci∇S⊗E∂i .
Here ∇S⊗E is the tensor product connection of (E,∇E) and the trivial
connection on S, and we write ∂i :=
∂
∂xi
. This is an odd (i.e., γDconti +
Dcontiγ = 0) and self-adjoint elliptic operator.
On the lattice side, we define the following operators.
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Definition 4.2. For each positive integer k and i = 1, · · · , n, we define the
following operators Uk,i, ∇k,i, Dlatk and Wk on l2(Bk; (S ⊗E)|Bk ).
• For each i = 1, · · · , n and x ∈ Bk, let us denote by Tk,i,x : (S⊗E)|x →
(S ⊗ E)|x+ei/k the parallel transport map with respect to ∇S⊗E
along the path x + tei/k, t ∈ [0, 1]. Here we denoted the i-th unit
vector on Rn by ei. The forward shift operator Uk,i is defined by
Uk,i := ⊕x∈BkTk,i,x.
• For each i = 1, · · · , n, the forward-differential ∇k,i is defined by
∇k,i := k(U∗k,i − 1).
• The level-k lattice Dirac operator Dlatk is defined by
Dlatk :=
n∑
i=1
ci
∇k,i −∇∗k,i
2
.
• The Wilson term Wk is defined by
Wk :=
n∑
i=1
∇k,i +∇∗k,i
2
.
Fixing a positive constant r > 0, the operator Dlatk + rγWk is called the
Wilson-Dirac operator.
Remark 4.3. When (E,∇E) is trivial, we have
(∇k,if)(x) = f(x+ ei/k)− f(x)
1/k
,
(Dlatk f)(x) =
n∑
i=1
ci
f(x+ ei/k)− f(x− ei/k)
2/k
,
(Wkf)(x) =
n∑
i=1
f(x+ ei/k)− 2f(x) + f(x− ei/k)
2/k
.
In order to state the main result, we define an integer In(m) for m ∈
R \ {0, 2, 4, · · · , 2n} as follows.
Definition 4.4. For m ∈ R \ {0, 2, 4, · · · , 2n}, we define an integer In(m)
as follows. For 2l < m < 2l + 2 with l = 0, 1, · · · , n− 1, we set
In(m) :=
l∑
i=0
(−1)i
(
n
i
)
.
For m /∈ [0, 2n] we set
In(m) := 0.
Example 4.5. When n = 4, we have I4(m) = 1 for 0 < m < 2, I4(m) = −3
for 2 < m < 4, I4(m) = 3 for 4 < m < 6, I4(m) = −1 for 6 < m < 8, and
I4(m) = 0 for m /∈ [0, 8].
In general In(m) = 1 for 0 < m < 2, In(m) = 1 − n for 2 < m < 4, and
so on.
The following proposition is crutial in the proof of Theorem 4.15.
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Proposition 4.6. For m ∈ R \ {0, 2, 4, · · · , 2n} and r > 0, let us define
fDW (m, r) ∈ C((R/(2πZ))n)⊗ End(S) by
fDW (m, r) :=
n∑
i=1
{−√−1ci sin θi + rΓ (cos θi − 1)}+ rmΓ.(4.7)
Then this element is invertible and self-adjoint. Moreover we have the fol-
lowing equality in K0((R/(2πZ))n),
In(m) · ipt! ([1]) = [fDW (m, r)]− [−Γ].(4.8)
Here we denoted the inclusion of a point by ipt : {pt} →֒ (R/(2πZ))n and
[1] ∈ K0(pt) is the generator.
Proof. In this proof we denote Z := (R/(2πZ))n. Using the relations cicj +
cjci = −2δij and Γci + ciΓ = 0, we have
(fDW (m, r))
2 =


n∑
i=1
sin2 θi + r
2
(
n∑
i=1
(cos θi − 1) +m
)2
(4.9)
Since we have assumed that m 6= 0, 2, · · · , 2n, we see that fDW (m, r) is
invertible.
Now we prove (4.8). For a real number s, let us denote
Ys := {(θ1, · · · , θn) ∈ Z | | sin θi| ≤ s for all i}.
In particular Y0 is a set consisting of 2
n-points. First we construct a ho-
motopy between the element in the right hand side of (4.8) and an element
supported in Y˚0.2. Fix any continuous function κ : Z → [0, 1] such that κ = 0
on Z \ Y0.2 and κ = 1 on Y0.1. We claim that, in K0(Z) we have
[fDW (m, r)] = [κfDW (m, r)− (1− κ)Γ].(4.10)
Indeed, the linear homotopy do the job; for any 0 ≤ t ≤ 1, by a computation
similar to (4.9),we easily see that (1 − t(1 − κ))fDW (m, r) − t(1 − κ)Γ is
invertible and self-adjoint (here it is crucial that κ = 1 on a neighborhood
of Y0).
Since κfDW (m, r) − (1 − κ)Γ = −Γ on Z \ Y0.2, we see that the class
[κfDW (m, r)−(1−κ)Γ]− [−Γ] is supported in Y˚0.2, so we are left to evaluate
contributions from each component of Y˚0.2.
Lemma 4.11. Fix a point p = (θ1(p), · · · , θn(p)) ∈ Y0 = {0, π}n and denote
the connected component of Y˚0.2 containing p by Up. Define
ǫ(p) := ♯{i ∈ {1, 2, · · · , n} | θi(p) = π}.
Then we have the following equalities in K0(Up).
(1) If
∑n
i=1(cos θi(p)− 1) +m < 0, we have
([κfDW (m, r)− (1− κ)Γ]− [−Γ])|Up = 0.
(2) If
∑n
i=1(cos θi(p)− 1) +m > 0, we have
([κfDW (m, r)− (1− κ)Γ]− [−Γ])|Up = (−1)ǫ(p) · ip!([1]).
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Proof. Restricted to Up, the element κfDW (m, r) − (1 − κ)Γ is homotopic
(in the space of invertible and self-adjoint elements which coincides with −Γ
outside a compact set) to the element
κ
(
n∑
i=1
−(−1)ǫi(p)√−1ci(θi − θi(p)) + rΓ
(
n∑
i=1
(cos θi(p)− 1) +m
))
− (1− κ)Γ.
(4.12)
Here ǫi(p) := 0 if θi(p) = 0 and ǫi(p) := 1 if θi(p) = π.
If
∑n
i=1(cos θi(p)− 1) +m < 0, we can connect the element (4.12) to −Γ
by the linear homotopy, so we get (1).
For (2), recall that the element ipt!([1]) ∈ K0(Rn) is represented by ele-
ments of Cc(R
n)+ ⊗ End(S) as3 (see Remark 4.14 below)[
κ
(
n∑
i=1
−√−1cixi + Γ
)
− (1− κ)Γ
]
− [−Γ].(4.13)
Here (x1, · · · , xn) is the coordinate on Rn and κ is the cutoff function which
is 1 at the origin and 0 outside a compact set. If we flip the sign of some of
xi’s, the sign of the resulting element changes accordingly.
If
∑n
i=1(cos θi(p)−1)+m > 0, the element (4.12) is homotopic to the first
term of (4.13) with ǫ(p)-times of change of signs in xi’s, so we get (2). 
Let
Y ′0 := {p ∈ Y0 |
n∑
i=1
(cos θi(p)− 1) +m > 0}.
By (4.10) and Lemma 4.11, we have
[fDW (m, r)]− [−Γ] = [κfDW (m, r)− (1− κ)Γ]− [−Γ]
=
∑
p∈Y0
iUp!
(
([κfDW (m, r)− (1− κ)Γ]− [−Γ])|Up
)
=

∑
p∈Y ′0
(−1)ǫ(p)

 ipt!([1]).
Here we denoted by iUp : Up →֒ Z the inclusion and by iUp! : K0(Up) →
K0(Z) the associated pushforward map. It is easy to see that
In(m) =
∑
p∈Y ′0
(−1)ǫ(p).
So we get (4.8). 
Remark 4.14. Here we explain that the element (4.13) gives the generator
β := ipt!([1]) ∈ K0(Rn). A standard way to represent a class of compactly
supportedK0-group is by a Z2-graded vector bundle with an odd self-adjoint
endomorphism which is invertible outside a compact set. In this picture, the
generator β is represented by the class [S, σ], where σ denotes the Clifford
multiplication σ(xi) = −
√−1cixi (see [11, Chapter 1, Remark 9.28]).
3Cc(R
n)+ denotes the unitization of Cc(R
n).
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To see that this class is the same as (4.13), we first renormalize this class
by setting σ˜ := χ(‖σ‖)‖σ‖−1σ, where χ is a continuous function χ : [0,∞)→
[0, 1] so that χ = 1 outside a compact set. Then we have β = [S, σ˜].
Recall that we have been representing an element of K0-group using self-
adjoint invertible endomorphisms. The odd self-adjoint Fredholm picture
(with ‖F‖ = 1 and F 2−1 is compact) and the ungraded self-adjoint unitary
picture of K0-groups are related by the map (see [3, Proposition 4.3])
[F ] 7→ [Υ exp(ΥFπ)]− [−Υ] = [Υ cos(Fπ) + sin(Fπ)] − [−Υ].
Here we denoted the Z2-grading operator by Υ.
In our case, applying the above correspondence to the element [S, σ˜] we
get an element homotopic to (4.13).
Theorem 4.15. Fix constants r,m so that r > 0 andm ∈ R\{0, 2, 4, · · · , 2n}.
Then for k large enough we have
In(m)Ind(D
conti) = rank
(
E>0
(
Dlatk + rγ(Wk +mk)
))
− 1
2
dim l2(Bk; (S ⊗ E)|Bk ).
(4.16)
Here In(m) ∈ Z is defined in Definition 4.4.
Proof. We fix an integer N and an embedding of complex vector bundle
E →֒ CN = B × CN preserving the metric. We denote by p ∈MN (C∞(B))
the projection corresponding to E. We have [E] = [p] in K0(B).
Let X := T ∗B/(2πΛ∗) = B × (R/(2πZ))n be the cotangent torus bun-
dle over B. We have the Bohr-Sommerfeld deformation quantization maps
extended canonically to the matrix algebra4,
φk : C∞(X)⊗ End(S ⊗ CN )→ B(Hk)⊗ End(S ⊗ CN ) = End
(
l2(Bk; (S ⊗ CN )|Bk)
)
.
We identify End
(
l2(Bk; (S ⊗ E)|Bk)
)
with a subalgebra of End
(
l2(Bk; (S ⊗ CN )|Bk)
)
canonically. Abusing the notation, we also write p := µ∗p ∈ C(X)⊗End(S⊗
CN ).
By the definition of φk, the operator φk(e
√−1θi) is the forward-shift op-
erator in i-th direction on the lattice Bk (see Example 2.12). Since p and
∇E are smooth, there exists a constant A > 0 independent of k and i such
that we have ∥∥∥Uk,i − φk (e√−1θi ⊗ p)∥∥∥ < Ak−1.
From this and the explicit formula in Definition 4.2, we get, setting A′ :=
2nA, ∥∥∥(Dlatk + rγ(Wk +mk))− kφk (fDW (m, r)⊗ p)∥∥∥ < A′.(4.17)
Here we pullback the element fDW (m, r) ∈ C∞((R/(2πZ))n) ⊗ End(S)
defined in (4.7) to X, trivially in the B-direction, and still denote it by
4 Precisely, we need to specify an open covering U of B (see subsection 2.1). Since all
the operators appearing in this proof only contain shifts up to ±1/k on Bk, any covering
in which all neighboring pairs of points in Bk are close (i.e., contained in some common
element in U) and satisfies the condition (U), produces the same quantization map φk.
We are only interested in behaviors of operators as k → ∞, so the choice of U does not
matter.
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fDW (m, r) ∈ C∞(X) ⊗ End(S). Since by Proposition 4.6 the element
fDW (m, r) ⊗ p − Γ ⊗ (1 − p) is invertible, by Lemma 3.18 there exists a
positive constant C > 0 such that, for k large enough we have∣∣∣φk (fDW (m, r)⊗ p− Γ⊗ (1− p))∣∣∣ > C.
From this and (4.17), we see that, for k large enough,
rank
(
E>0
(
φk (fDW (m, r)⊗ p− Γ⊗ (1− p))
))(4.18)
= rank
(
E>0
(
1
k
{
Dlatk + rγ(Wk +mk)
}
+ φk (−Γ⊗ (1 − p))
))
= rank
(
E>0
(
Dlatk + rγ(Wk +mk)
))
+ rank
(
E>0
(
φk(−Γ⊗ (1− p))
))
,
so that
rank
(
E>0
(
φk (fDW (m, r)⊗ p− Γ⊗ (1− p))
))
− rank
(
E>0
(
φk(−Γ⊗ idCN )
))(4.19)
= rank
(
E>0
(
Dlatk + rγ(Wk +mk)
))
− 1
2
dim l2(Bk; (S ⊗E)|Bk ).
Now we claim that, in K0(X) we have
([fDW (m, r)]− [−Γ])⊗ ([L]− 1) = 0.(4.20)
Indeed, the element in the left hand side of (4.20) is equal to the pullback
of the element in the right hand side of (4.8) via the natural map X →
(R/(2πZ))n. This means that, by Proposition 4.6,
([fDW (m, r)]− [−Γ]) = In(m) · iB!([1]) ∈ K0(X),(4.21)
where iB : B →֒ X is the inclusion to the zero section. Since the zero section
of X is a Lagrangian submanifold of X, the restriction of the prequantum
line bundle L to the zero section is trivial (note that we do not have torsion
in K0(X)). Thus by excision we have
im(iB!) ⊂ ker (([L]− 1)⊗ ·) in K0(X).
So we get (4.20).
By Theorem 3.1, for k large enough,
rank
(
E>0
(
φk (fDW (m, r)⊗ p− Γ⊗ (1− p))
))
− rank
(
E>0
(
φk(−Γ⊗ idCN )
))(4.22)
= πX!
(
[L]⊗k ⊗ ([fDW (m, r)⊗ p− Γ⊗ (1− p)]− [−Γ⊗ idCN ])
)
= πX!
(
[L]⊗k ⊗ ([fDW (m, r)]− [−Γ])⊗ [p]
)
= πX! (([fDW (m, r)]− [−Γ])⊗ [p]) by (4.20)
= In(m) · πX!(iB![1]⊗ [p]) by (4.21)
= In(m) · πB!([E]).
Here we denoted the spinc-pushforward map for B by πB! : K
0(B)→ K0(pt).
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On the other hand, by the Atiyah-Singer index theorem we have
Ind(Dconti) = πB!([E]).(4.23)
Thus, conbining (4.19), (4.22) and (4.23), we get the result. 
Here we prove a similar but different version of the result, which is used,
for example, in [6].
Corollary 4.24. In the above settings, there exists a constant M0 > 0 such
that, for all M > M0, for k large enough we have
Ind(Dconti) = rank
(
E>0
(
Dlatk + γ(Wk +M)
))
− 1
2
dim l2(Bk; (S ⊗E)|Bk ).
(4.25)
Proof. We will use Theorem 4.15 for the case r = 1 and m = 0.5. We have
the following.
Lemma 4.26. There exists a constant M0 > 0 such that for each M > M0,
for k large enough we have
rank
(
E>0
(
φk (fDW (0.5, 1) ⊗ p− Γ⊗ (1− p))
))
(4.27)
= rank
(
E>0
(
Dlatk + γ(Wk +M)
))
+ rank (E>0 (−Γ⊗ (1− p))) .
Here, all the operators appearing in the equation are on l2(Bk; (S⊗CN)|Bk)
Proof. Let M > 0 be an arbitrary positive number. Since Dlatk +γ(Wk+M)
and p commute, the right hand side of (4.27) is equal to
rank
(
E>0
((
Dlatk + γ(Wk +M)
)
− Γ⊗ (1− p)
))
.
We have (note that φk(Γ⊗ p) = Γ⊗ p = γ)
∥∥∥kφk (fDW (0.5, 1) ⊗ p− Γ⊗ (1− p))− ((Dlatk + γ(Wk +M))− Γ⊗ (1− p))∥∥∥
(4.28)
=
∥∥∥kφk (fDW (0.5, 1) ⊗ p)− (Dlatk + γ(Wk + 0.5k)) + (0.5k −M)γ∥∥∥
≤ A′ + |0.5k −M |
The last inequality follows from (4.17). On the other hand, by (4.9), we
have
|fDW (0.5, 1)| ≥ 0.5.
Since fDW (0.5, 1) does not depend on the base variable (i.e., translation-
invariant on B), by definition of φk we see easily that (for example regard the
operator φk(fDW (0.5, 1)) as a convolusion operator on the group (Z/kZ)
n),
|φk(fDW (0.5, 1))| ≥ 0.5.
From this and using the fact that φk(fDW (0.5, 1)) only contains one-shift
on the lattice Bk and the smoothness of p and ∇E, we easily see that there
exists a constant D > 0 such that for all k,∣∣∣kφk (fDW (0.5, 1) ⊗ p− Γ⊗ (1− p))∣∣∣ > 0.5k −D.(4.29)
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Now putM0 := A
′+D. Then by (4.28) and (4.29) we see that it satisfies
the condidion. 
Set the constant M0 > 0 so that it satisfies the condition in Lemma 4.26.
Take any constant M > M0. From Lemma 4.26 and (4.18), we see that for
k large enough,
rank
(
E>0
(
Dlatk + γ(Wk +M)
))
= rank
(
E>0
(
Dlatk + γ(Wk + 0.5k)
))
.
Applying Theorem 4.15 in the case r = 1 andm = 0.5, we get the result. 
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